Quantum oscillations are commonly used to experimentally diagnose the band topology of a semimetal. When the cyclotron orbit encloses a topological defect, it is often presumed that the nontrivial Berry phase results in a π-phase shift of the fundamental harmonic. However, this presumption neglects how spin-orbit coupling renders the Berry phase a continuously varying quantity, and ignores the Zeeman interaction with the spin-orbit-induced magnetic moment. Here, we overcome these shortcomings and demonstrate how to rigorously identify three-dimensional Dirac fermions from the higher harmonics of quantum oscillations. Applying this method to the intermetallic LaRhIn5, we unambiguously identify the nontrivial Berry phase of a topological Fermi pocket with a small frequency ≈ 7 T, despite the presence of large, trivial Fermi pockets which dominate transport by orders of magnitude. Our analysis identifies LaRhIn5 as a 3D Dirac-point metal, revising a previous proposal of LaRhIn5 as a nodal-line semimetal by Mikitik et. al. [Phys. Rev. Lett. 93, 106403 (2004)]. The electronic similarity of LaRhIn5 to the prototypical heavy-fermion superconductors Ce(Co,Rh,Ir)In5 further suggests them as prime candidates for strongly-correlated Dirac systems.
Quantum oscillations are commonly used to experimentally diagnose the band topology of a semimetal. When the cyclotron orbit encloses a topological defect, it is often presumed that the nontrivial Berry phase results in a π-phase shift of the fundamental harmonic. However, this presumption neglects how spin-orbit coupling renders the Berry phase a continuously varying quantity, and ignores the Zeeman interaction with the spin-orbit-induced magnetic moment. Here, we overcome these shortcomings and demonstrate how to rigorously identify three-dimensional Dirac fermions from the higher harmonics of quantum oscillations. Applying this method to the intermetallic LaRhIn5, we unambiguously identify the nontrivial Berry phase of a topological Fermi pocket with a small frequency ≈ 7 T, despite the presence of large, trivial Fermi pockets which dominate transport by orders of magnitude. Our analysis identifies LaRhIn5 as a The discovery of 3D topological semimetals (TSMs) has opened a new avenue to study massless fermions in the solid state [1] . Contrary to initial beliefs, topological band structures are abundant in nature and by now large numbers of TSMs have been predicted and experimentally verified [1] [2] [3] [4] . To directly probe the physics of massless fermions, the community has focused on "ideal" TSM's whose Dirac-Weyl cones are well-separated in k-space and linearly disperse over a large energy window -without conventional Fermi-surface (FS) sheets [5] [6] [7] . However, most of the proposed TSM candidates are multi-band metals, in which topological charge carriers and trivial Schrödinger-type electrons [1, 4] jointly determine metallic properties. Small trivial Fermi pockets can be removed by strong magnetic fields due to their large cyclotron energies, as has been shown in NbAs [8] and NbP [9] . Here we ask which aspects of non-trivial band topology remain physically observable in bulk properties when the Fermi-level density of states is dominated by trivial bands -often by orders of magnitude.
A case in point is the tetragonal multi-band metal LaRhIn 5 (space group P4/mmm) [10] , which allegedly hosts a small Dirac pocket comprising less than 0.01% of charge carriers [11] . The vast majority resides on Brillouin-zone-sized, geometrically complex yet topologically-trivial FS sheets, as manifested by the large number of de Haas-van Alphen (dHvA) frequencies [12, 13] . In their seminal work on LaRhIn 5 , Mikitik and Sharlai have argued that the observed π-phase shift in the fundamental harmonic of quantum oscillations originates from a symmetry-fixed Berry phase of a Dirac nodal line [11] . However, their analysis neglects the spinorbit coupling (SOC) -with spin mixing the Berry phase is not symmetry-fixed to an integer multiple of π [14] [15] [16] . Moreover, the phase shift also encodes the Zeeman coupling to the orbital magnetic moment [17] [18] [19] [20] , which can in principle be much greater than the spin magnetic moment in strong-SOC (semi)metals [21] . Finally, higher harmonics can significantly displace the magnetization peaks, [22] [23] [24] which calls into doubt any singleharmonic analysis of quantum oscillations. These issues are strikingly exemplified in the semimetallic Bismuth, in which a π-phase shift has been observed [25] , despite its topologically-trivial bulk charge carriers.
In this Letter, we pursue two main goals: Firstly, our case study of LaRhIn 5 instructively demonstrates how higher harmonics of quantum oscillations can rigorously determine the topological nature of a cyclotron orbit, accounting for all aforementioned contributions to the phase shift without prejudice. Secondly, the result of our rigorous analysis of LaRhIn 5 identifies it as a Dirac-point metal, revising the previously proposed picture [11] of a nodal line.
We begin by reviewing how quantum oscillations in the semiclassical regime are determined by the Onsager-Lifshitz-Roth quantization rule [14, 15, 18, 22, 26] :
with l B = (h/e|B|) 1/2 the magnetic length, S the kspace area enclosed by an extremal cyclotron orbit o s i , n the Landau level index, and λ s i the quantization offsets. In centrosymmetric metals such as LaRhIn 5 , each orbit is spin-degenerate at each k, with s ∈ {↑, ↓} denoting the spin degree of freedom. In centrosymmetric 3D Dirac semi-metals, the spin-degenerate orbit either singly encircles a time-reversal-invariant k point, or the orbits come in pairs -distinguished by i ∈ {1, 2} -that are mutually related by time reversal.
The quantization offsets λ s i are subleading corrections which encode the Berry phase and the Zeeman coupling to orbital and spin magnetic moments. The orbital moment describes the rotation of a two-band wavepacket about its center of mass [19] , and originates from interband transitions between Fermi-level states and states away from the Fermi level [21] . The orbital moment thus becomes significant when the SOC is comparable to the smallest band gap from the Fermi level; however the magnitude of the moment is not fixed by symmetry. Likewise, the Berry phase of a spin-mixed wavepacket is not symmetry fixed to an integer multiple of π [14] . The net result is that the quantization offsets can take on any intermediate value between 0 and 2π, implying that a measurement of the phase offset of quantum oscillations can never rigorously distinguish conventional metals and spin-orbit-coupled Dirac metals [14] . Indeed, strong SOC in topologically trivial Bismuth leads to a giant orbital moment [21] and non-quantized Berry phase which is responsible for the observed λ ≈ π [24, 25] .
In the opposite limit of weak SOC, the constraints of time-and space-inversion on a spin-unmixed wavepacket force the orbital moment to vanish, and quantize the Berry phase as φ B = 0 vs π [14, 27] . Consequently, λ ↑ = φ B − (g 0 /2)πm c /m e is just the sum of a symmetryfixed Berry phase and a non-quantized dynamical phase originating from the Zeeman interaction with the intrinsic spin moment; [15] here, g 0 ≈ 2 is the free-electron gfactor, and m c /m e the ratio of cyclotron to free-electron mass.
The above discussion shows that only weak-SOC topological metals can rigorously be identified from quantum oscillations; for such metals, the Berry phase is deducible from measuring both the quantization offset λ and the cyclotron mass. We will find that the higher harmonic content in quantum oscillations provides the necessary mathematical constraints to uniquely determine λ. We focus on Shubnikov-de Haas (SdH) oscillations of resistivity, whose higher harmonics are more pronounced compared to magnetization oscillations. Indeed, the amplitude of the r-th harmonic of resistivity is reduced by a factor of r 1/2 , while for magnetization the reduction factor is r 3/2 [22, 28] . The challenge of detecting SdH oscillations in highly conductive metals is addressed by fabricating resistive microbars ( Fig. 1 ) from crystalline LaRhIn 5 via focused ion beam machining [29] . high-frequency oscillations correspond to the large FS cross-sections [solid symbols in Fig. 1(d) ] is in agreement with previous dHvA results [12] indicated by dashed lines. A Dingle analysis uncovers long quantum mean free paths (l q ), as expected for high quality single crystals (see SI). For weak magnetic field, the signal illustrated in Fig.  2 is strikingly dominated by a single low-frequency oscillation (F ≈ 7 T), with a sawtooth-like waveform that indicates higher harmonic content. The negligible Hall component of high-carrier-density metals implies a proportionality between oscillations of the longitudinal magnetoresistance (see SI) and oscillations of the density of states [28] :
This generalized Lifshitz-Kosevich formula [14] encodes the quantization rule of Eq. (1) via the identification l 2 B S := 2πF/B, with F the quantum oscillation frequency. As stated before, i and s distinguish the valley and spin degrees of freedom, and r is the order of the harmonic. A is a constant that depends on the band energy curvature in the direction of the applied field [23] , and φ LK = −π/4 or π/4 for a maximal or minimal cross section respectively [23] . The temperature and field dependence of thermal damping R T and Dingle R D factors [30] yield the cyclotron mass m c ≈ 0.067 m e and mean free path l q ≈ 137 nm (details see SI), consistent with the previous dHvA results [13] . Such a low effective mass for a small pocket is typical of Dirac fermions, as we will soon confirm. Due to the time reversal and space inversion symmetries, the quantization offsets are related as λ ↑ 1 = −λ ↓ 1 = −λ ↑ 2 = λ ↓ 2 for a pair of time-reversal-related orbits, and λ ↑ = −λ ↓ for a single, time-reversal-invariant orbit [14] . Thus, Eq. (2) can be further simplified as:
with A = 2A for a single orbit, or A = 4A for a pair of time-reversal-related orbits. The quantization offset enters only in the amplitude-reduction factor cos(λ ↑ 1 ), which is analogous to the well-known spindamping factor [24, 31] that accounts for the Zeeman interaction; however we remind the reader that λ ↑ 1 also encodes the Berry phase [14] .
Given the difficulties in reliably extracting the prefactor A from ab-initio calculations or experiments, one cannot extract cos(λ ↑ 1 ) from measuring only the fundamental harmonic. Let us instead consider ratios of amplitudes between the fundamental and r'th harmonic, A1 Ar = √ rcos(λ ↑ 1 ) cos(rλ ↑ 1 ) , after taking the known harmonic dependence of R r T and R r D already into account separately. Each of A 1 /A 2 and A 1 /A 3 gives a distinct, quadratic algebraic equation for cos(λ ↑ 1 ), so knowing both ratios allow to uniquely determine cos(λ ↑ 1 ) -this then is our strategy to unequivocally verify the Dirac nature of the small pocket in LaRhIn 5 . The experimental SdH signal is decomposed into three harmonics with A1 A2 ≈ −1.44 and A1 A3 ≈ 1.84, which determines λ ↑ 1 = ±(0.96 ± 0.01)π, with a sign ambiguity that we resolve below. This result remains robust even at elevated temperatures, as illustrated in Fig. 3 .
Whether the Berry phase can be extracted from λ ↑ 1 depends on the strength of SOC, as explained above. The SOC is estimated from our first-principles calculation of the band structure of LaRhIn 5 . Focusing on the energy band whose electron-like Fermi pocket encloses the hypothesized Dirac-type degeneracy (see Fig.  4 ), we estimate the spin-orbit energy scale E SOC by comparing the energy dispersion of the same band with and without SOC [ Fig. 4(b) ]. The Brillouin-zone average of E with − E without equals 19 meV, which gives an estimate for E 2 SOC /E gap from second-order perturbation theory [32] . E gap is estimated by the zone-averaged energy gap (405 meV) between the Fermi-pocket band and the nearest band on the energy axis, yielding E SOC /E gap ≈ 0.22. In contrast, E SOC /E gap ≈ 100 for the electron pocket of Bismuth, which explains its giant orbital moment [21] . The relative weakness of SOC in LaRhIn 5 suggests that λ ↑ 1 = (0.96 ± 0.01)π is well approximated by the symmetry-fixed Berry phase minus mc me π ≈ 0.067π. The latter originates from the Zeeman spin interaction, and its smallness implies that λ ≈ π can only originate from the π Berry phase of a Dirac band touching.
In support of an earlier work [11] that suggested a Dirac nodal line, our first-principles calculation (ignoring SOC) indeed finds a nodal line within a mirror-invariant plane, as illustrated in Fig. 4 . A more accurate calculation including SOC [cf. Fig. 4(b) ] shows that the nodal line is split by the energy scale E SOC ≈ 89 meV, except for two well-separated Dirac points on the rotation-invariant line ZΓZ [cf. Fig. 4(a) ]. Such four-fold-degenerate Dirac points that are protected by rotational symmetry have analogously been found in Cd 3 As 2 and Na 3 Bi [2, 3] . Assuming the Fermi level is close to the Dirac point this implies a pair of time-reversal-related Fermi surfaces. This picture is experimentally supported by the approximate angular independence of the oscillation frequency, as the field direction is tuned between the c-and a-axes ( Fig. 4) . Such an isotropic frequency is also inconsistent with the anisotropic FS typical of nodal-line degeneracies. There are, however, discrepancies between the DFT-calculated band-structure and experiment: (i) the observed FS is significantly more isotropic than calculated [ Fig. 4(d) ], and (ii) the calculated chemical potential must be shifted by 421 meV to match the experimentally-observed frequency for H c, large for the weakly correlated metal LaRhIn 5 . Further theoretical analysis will be required to refine current band-structure models of LaRhIn 5 . In summary, we have identified LaRhIn 5 as a Diracpoint metal, and showcased a simple yet rigorous method to identify weak-SOC topological (semi)metals by quantum oscillations; our method applies even when small topological pockets are swamped by large trivial pockets with geometrically complex shapes. We demonstrate that at least three harmonics are essential to uniquely determine the subleading offset λ in the quantization rule; knowing λ and the cyclotron mass allows to determine the symmetry-fixed Berry phase. Building upon these results, it will be interesting to investigate the Dirac nature of the isostructural compounds CeMIn 5 [33] (M = Co, Rh, Ir), a famous family of heavy-fermion superconductors. Given their highly similar single-electron band structures, the fate of the Dirac points under strong interactions remains to be clarified. 
I. ANGULAR DEPENDENCE OF SHUBNIKOV-DE HAAS OSCILLATION FREQUENCIES
Fast-Fourier-Transformation (FFT) is performed to analyze the Shubnikov-de Haas (SdH) oscillations of the high frequencies belonging to the large, trivial Fermi surfaces. In contrast, the Dirac pocket was analyzed by directly fitting Eq.(3) as appropriate for such small frequencies (see SIII). The high-frequency SdH oscillations were measured at T = 2 K with current applied along c-axis and field rotates from c to a-axis ( Fig. S1) . At each angle the results are shifted and normalized according to the largest peak, the square root of oscillation amplitudes are taken for visualizing the small details. The angular dependence of oscillation frequencies [ Fig. 1(d) ] are obtained by identifying the positions of major peaks in the FFT spectrum. The frequencies corresponding to the larger Fermi surfaces α 1 , β 1 and β 2 are denoted by the dashed lines.
II. CONDUCTIVITY APPROXIMATION
We now certify the conductivity to resistivity approximation in Eq. (3) of the manuscript.
The acquired conductivity tensor element σ xx can be written as:
Most of the elements are planar Hall components with either current or measured voltage direction along the field direction. For a longitudinal configuration (B I x) these components are negligible compared to the longitudinal resistivity(ρ xx ) or Hall resistivities (ρ yz and ρ yz ), therefore σ xx can be reduced to:
The reciprocal relation between conductivity and resistivity in the longitudinal configuration allows us to describe the oscillatory part of conductivity by the oscillation in resistivity.
III. FITTING OF LOW FREQUENCY SDH OSCILLATIONS
The equation used for the fitting of low frequency oscillations is:
Here α = 2π 2 ck B /e = 14.69 T /K, r is the order of harmonics, F corresponds to the oscillation frequency, l q represents the quantum mean free path of electrons in cyclotron motion, m c stands for the cyclotron mass in unit of free electron mass. Note that for the
) we assume the Fermi surface is isotropic since the oscillation frequency is almost angle-independent [ Fig. 4(d) ]. The experimental data measured at T = 2 K with field and current both applied along c-axis is then fitted by a standard least squares regression method. All possible fitting curves with a confidence interval larger than 95% is generated [ Fig. S2 ] to estimate the errors in fitting parameters, the value of which are listed in Table [S1] . 
